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1. Introduction

Tong (1975) considered the problem of constructing a fixed-width confidence
interval for the largest mean from k normal populations with unknown variance.
His procedure is a sequential procedure and is based on the ideas of Chow and
Robbins (1965). However, the very nature of this k population problem is
qualitatively different from the simpler problem constructing a confidence
interval for a mean because the user has the flexibility (not found in Tong's
procedure) of sampling selectively from the populations. One method of such
selective sampling is o¢/imination, where a population is eliminated from further
consideration when the data indicate said population is unlikely to be associ-

ated with the largest mean.

The purpose of this note is to show that, using the ideas of Swanepoel and

Geertsema (1976), it is easy to construct a sequential competitor to Tong's

procedure which possesses the elimination option, achieves its intended

coverage probability, and can lead to great savings in sample size when the
population means are not identical. When the population means are nearly
identical, the procedure will take approximately 10% more observations than
Tong's procedure, a small price to pay for possible large savings. To this end,

in Section 2 we present a Monte-Carlo study of Tong's procedure. In Section 3,

we introduce the elimination procedure and study its small sample behavior in

a Monte-Carlo study.

2. Tong's Procedure

Suppose we have k populations and take independent and identically distri-

buted observations X from population i. Define
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We will assume that the observations from the ith population are normally

distributed with mean s and common variance 02. 1f u[1] < : f_u[k] denote

s the unknown ordered means, the goal is to estimate the largest mean u[k] by a
' confidence interval with coverage probability y and prescribed fixed length L.

Tong's (1973) sequential procedure is of the following form. Let ¢ be the

ey T~ T, A 9% S RERTIOS 1, s 157

standard normal distribution function and define

ak(c,x) = min{¢k(c-x) - ¢k(—x), d(c-x) - d(-x)}
e o (e,x) = oy (c,%4(c))

co(¥) = infle: o (e, x,(c)) > v} .
He then takes N.r observations from each population, where
NT(L) = smallest integer n > 5 such that n Z.(Co(Y) skn/L)2

and announces the following confidence interval of length L:

TR = By = (L= xg sy My Ty o xg sy My,

T

where Xy = xo(co(y)). Tong shows that

Np (L)
lim ST R s 1 (almost surely)
L0 (cy(y) o/L)

1im P{u

o (k] € I(NT(L))} >y for all Hyseeesiy and o .

In Table 1 we present values of €y = cO(Y) and X, = xo(co(y)) for various

values of y and k.
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As part of this study we decided to investigate the small sample bahavior
of Tong's rule by means of a Monte-Carlo study. We studied the following

configurations of means

4
5
:

Py & My ® ase S o @ e d

(T

aag = Wy " d (1i=1,...,k-1)

with d = 0.0, 0.5, 2.0, We chose y = .90 and L = 0.50, 1.00, with k = 2,3,§
and 10. The results are reported in Tables 2 and 3. It appears that Tong's
procedure does indeed approximately achieve it prescribed coverage probability.
Note however that the average total number of observations is independent of d,
the spacing of the means. It is this undesirable feature of Tong's procedure

which we will attempt to improve upon in the next section,

3. Elimination Procedures

The previous section makes clear that while Tong's procedure achieves its
coverage probability in small samples, it is "data-blind" in the sense that it
takes no account of information available from the data about the relative
differences among the means. In order to begin to design a procedure which
will take the data more fully into account we investigate a procedure which
attempts to eliminate early in the experiment populations which are obviously
not associated with the largest mean.

The idea is based upon a technique due to Swanepoel and Geertsoma (1976).
Essentially, if we desire a coverage probability y and set (l-y) = (l—\n) + (1-8),
we will use Swanepoel and Geertsema's technique (with a minimal sample size of §),
to eliminate populations with error probability at most (1-8), and we will use

Tong's procedure with coverage probability y

0 and the remaining populations.
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When y = .90, we will choose Yo = .92 and B = .98. This simple grafting of
two techniques wil) result in a procedure which is slightly conservative when
the means are all nearly the same but is very efficient when some observations
should be eliminated. We outline the steps in the grafting as follows:

Step #1. For any Q(typically .90 < B < .99) and k, choose values of (a,t),

where
2 5
t=.2(1 + a“/4)

1 - F,(a) +a f4(a) = (1-8)/(k-1) ,

and F4(f4) is the distribution (density) function of a t distribution with four

degrees of freedom. The values of (a,t) are given in Table 4.

Step #2. Define

Ho(E,§, 00 < rZ‘(x TR X
1,]),n)= = 2 - 4 - s +
n 1p=1 ip jp i

hB,n) = [(em) /™ - 1) .

We say that population i is eliminated at stage n > 5 if it has not been elimi-

nated before stage n and if
T - XM > heem) HGLG,m

for some population j which has yet to be eliminated at stage n.

Step #3. Choose y as the intended coverage probability. Let

(1-8) + (l~y0) = 1-y . Take five observations from each population. Use the
Tong procedure with Yo if NT = 5.

Step #4. If NT # 5, eliminate whatever populations you can. Suppose there

are k6 populations left.




Step #5. Take another observation on each remaining population, so that there
are now n observations on kn populations. Compute € and Xy as in Section 2
of this paper based on Yo and kn' Compute sz(n.kn) = pooled sample variance
on the kn populations.

Step #6. If n > (c0 s(n,k“)/L)z. discontinue sampling and announce the Tong
confidence interval with k" populations.

Step #7. Otherwise, set n = n+l and see if any more populations can be elimi-
nated. There are now k" populations left. Return to step ¥5.

In Tables 5-8 we present the results of a simulation (with 200 iterations)
of the elimination rule for a fixed-width confidence interval of length L for
the largest normal mean. The prescribed confidence level is y = .90, and we
chose Yo * .92, B = .98, so that only obviously inferior populations were

eliminated from consideration. In Tables 9 and 10 we present values of the ratio

total observations used by Tong's procedure
total observations used by the elimination procedure

The tables make clear the following conclusions:

(1) The elimination rule achieves its intended coverage probability.

(2) The elimination rule results in approximately 10% more observations
in the case that the means are relatively close and k is small.

(3) When the means differ to any appreciable degree and for larger Kk, the
elimination rule can result in substantial savings in the number of observations

taken. For example if k = 10, L = .50, d = .50 and

"

Hy = Wy = d = .50

“3 - Ll., =d= .50
Mo = Mg = d = .50 ,

the elimination procedure takes only 35% of the total observations needed by

Tong's procedure, a dramatic savings.




4. Conclusion

We have discovered by a simple grafting technique a procedure which elimi-
nates obviously inferior populations early in the experiment, tius leading to
possibly dramatic savings in sample size over the conventional procedure. We
argue that climination methodology is easy to use and easy to study, and that

the savings in sample size argue for their implementation.
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Average number of correct decisions in 200 simulations of Tong's procedure,

it " Vg % fe
K 2

d =00, L =.50 .900
d=20.0. L =30 .905
d= .50, L= .50 .890
d=.50, L=1.0 .930
d =2.0, L = .50 .890
d= 2.0, L = 1.0 .900
N.B.  The average sample size

stopping is
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Table 2
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.930

« 325

«925

.865

x k (the total number of observations) upon
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.905

.890

.920

.980

.900
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Table 3

Average number of correct decisions in 200 simulations of Tong's procedure,

Hiel ~ M = d G =5, , k-1)

k 2 3 5 10
d =00 L= .50 .900 .900 .930 .905
d=0.0 L =1.0 .905 .910 .915 .890
d=.50 L = .50 .890 .925 .925 .900
d=.50 L=1.0 .930 .890 .955 .930
d=2.0 L=.50 .890 .925 .920 .900

d=2.0 L=1.0 .900 .865 .910 .890
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Table 5

Coverage probabilities for elimination rule with y = .90 and

ulz...wuk_l=uk-d.
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Table 6
Average total number of observations for elimination rule with y = .90 and

ule...=uk_l=uk-d.

k 2 3 5 10
k =00 L= .50 94 147 264 593
d=0.0 L=1.0 23 36 67 152
d= .50 L= .50 88 141 253 575
d=.5 L=1.0 23 36 67 152
d=2.0 L= .50 55 67 90 160

d=2.0 L=1.0 19 30 53 120

12
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0.0

0.0

.50

.50

o
=

2.0

Table 7
Coverage probabilities for elimination rule with y = .90 and

u -Wy . d, i =1,...,k-1.

1+1

2 3 )
L = .50 .930 .930 915
L=1.0 .920 .890 915
L = .50 .895 .940 .895
L =10 .950 .946 .960
L = .50 .880 .935 .900
L =1.0 .880 .875 .875

.910

.930

.885

.910
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Table 8

Average total number of observations for elimination rule with y = .90 and

Yoy ® ui B T R e O

K 2 3 S 10
d =00 L= .50 94 147 264 593
d =00 L =10 23 36 67 152
d=.50 L= .50 88 120 150 189
d= .5 L=1.0 23 36 61 97
d=20 L= .50 55 62 73 98
d=2.0 L=1.0 19 25 36 62
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Table 9
Ratio of Tong's total sample size to elimination rule's total sample size for

Ul R “k—l = l& - d.

K 2 3 5 10
d=0.0 L= .50 .89 .90 .90 g
d=00 L =1.0 | +92 .88 .90
d= .50 L= .50 .95 .94 .94 .94
d= .5 L=1.0 .91 92 88 90
d=2.0 L = .50 1.53 1.97 2.04 3.36
de=2.0 L=1.0 1.11 1.10 1.11 .14
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! Table 10

Ratio of TOng's total sample size to elimination rule's total sample size for

Migp = W3 =4 &= 1, k1.

| k 2 3 5 10
i d =0.0 L=.50 .89 90 90 91
d=0.0 L=1.0 .91 82 88 90
d=.50 L =.50 <95 i 1.59 2.85
d= .50 L =1.0 .91 <92 .97 1.41
d=2.0 L =.50 1.53 | 2.13 3.26 5.49
d=2.0 L=1.0 1.11 1.32 1.64 2.21







